We conjecture the existence of strings bounded inside walls in SU(N) N = 1 Super Yang-Mills theory. These strings carry Z [k,N ] quantum number, where [k, N] is the greatest common divisor between k, the charge of the wall, and N the size of the gauge group. We provide field-theoretical arguments and string-theoretical evidences, both from MQCD and from gauge-gravity correspondence. We interpret this result from the point of view of the lowenergy effective action living on the k-wall. It implies that this 2 + 1 field theory lives in a phase in which probe electric charges are confined modulo 
Introduction
In this paper we want to show that Z [k,N ] confining strings live inside a kwall of SU(N) N = 1 SYM. From now on we shall indicate as [k, N] the maximum common divisor between k and N.
We have a series of arguments to support our claim. We start in Section 2 with an heuristic argument. In Sec. 3 we give a more substantial argument from the MQCD realization of the theory. In Sec. 4 we discuss the gaugegravity setup, and how to understand our result. We then move to the low energy effective theory in 2 + 1 dimensions, Sec. 5, and see the consequences of our claim. In Sec. 6 we discuss an obvious objection that the reader can move against the heuristic argument. At the end summarize we our results in Sec. 7.
Heuristic Argument
Let us start with some basic fact about N = 1 SU(N) super Yang-Mills. The theory has a U(1) R axial symmetry broken by an anomaly to Z 2N . This remnant symmetry is further broken to Z 2 by the gluino condensate λλ ∝ Ne i2πk N Λ 3 ; the theory thus possesses N degenerate vacua labeled by a Z N number. Two distinct vacua, let us say h-vacuum and (h + k)-vacuum, can be separated by a domain wall which we shall denote as a k-wall. These walls are 1/2 BPS saturated and their tension is equal to the modulus of the difference of the superpotentials between the two vacua [1] . Everyone of these vacua is in a massive phase where probe quarks are confined. According to 't Hooft classification of massive phases, we must specify the Z elec N × Z mag N charges of the particles that condense and are responsible for confinement. In the h-vacuum of N = 1 SYM, confinement is due to the condensation of a (h, 1) particle.
In N = 1 SYM there are thus two interesting extended objects, both labeled by a Z N number: domain walls and confining strings. We shall now show that a bound state between these two objects exists. A Z [k,N ] string can live inside a k-wall.
Something is already known about the relation between strings and walls. For example, as first noted in [2] , a 1-string can end on a 1-wall. A simple field theoretical argument goes as follows [3] . A 1-string can terminate on a probe quark or on any object with charges (1, 0). A particle with these charges can be created if the two condensates living on the two sides of the wall can form a bound state. If for simplicity we consider the 1-wall separating the 0 and the 1 vacua, the two condensates are respectively (0, 1) and (1, 1) . A bound state −(0, 1) + (1, 1), an anti-monopole plus a dyon, would thus have the charge of a fundamental quark and thus be a good ending point for a 1-string.
We want now to use the same argument and push it further considering a generic h-string perpendicular to a generic k-wall. Can this string end or not on the domain wall? I would be possible if there would be a composite of the two condensates on which the h-string could end. An h-string can end by definition on h quarks or any bound state with charge (h, 0). To be general we consider the k-wall that interpolates between the p and the p + k vacua where the two condensates responsible for confinement are respectively (p, 1) and (p + k, 1). We thus want to solve the following equation for a and b
The equation is defined in the ring
If the equation is solvable the string can end on the wall; if not, the string can not end on the wall and is forced to continue further (see Figure 1) . From the monopole charges, the second in (., .), we get a = −b, from the electric charges we get
A simple theorem from arithmetic tells that this equation is solvable if and only if h is multiple of the greatest common divisor between k and N. We have thus the following scenario. When a k-wall interpolates between a p and a p + k vacua, the group of Z N strings is divided into two categories.
of strings multiple of [k, N] can terminate on the wall. The quotient group Z [k,N ] is instead topologically stable. Another way to say is that a string crossing the k-wall can change its N-ality but can not change its [k, N]-ality.
The natural question is now what happens if the string, instead of being perpendicular to the wall is parallel to the wall. A string in general feels an attractive force toward a parallel domain wall. For example a 1-string is attracted toward a 1-wall and then dissolved. We thus conclude that any hstring parallel to a k-wall fells an attractive force. When the h-string arrives on the domain wall its fate is determined by the divisibility of h. If h is a multiple of [k, N] the string is dissolved inside the wall and disappears. If not, the string survives as a Z [k,N ] string bounded inside the domain wall.
Other two deformations, described in Figure 2 , reveals the existence of this bound state of confining strings inside the domain wall. 
MQCD
Let us consider now the MQCD realization of N = 1 SYM. For a detailed description we refer to the original papers [2, 5] ; in the following we just present what is needed to understand our result in the MQCD context. We have M-theory compactified on a S 1 circle. The coordinates are x 0 , . . . , x 9 and x 10 , the M theory circle, of period 2π. We define the com-plex coordinates v = x 4 + ix 5 , w = x 7 + ix 8 and t = e −(x 6 +ix 10 ) . The gauge theory of interest is the low energy limit of the effective action living on the world volume of an M5-brane. The 5-brane is extended on the four dimensional space-time x 0 , . . . , x 3 times a non-compact Riemann surface Σ p . The Riemann surface is defined by the following equations
where ζ p is the root of unity e i2πp N . The Riemann surface Σ p encodes certain information about the gauge theory. Roughly can be seen as two infinite planes, the v plane at x 6 → −∞ and the w plane at x 6 → +∞, connected by a tube that winds N times around the circle of M theory. There are N ways to connect the two planes depending on the choice of the root of unity ζ p . These correspond to the N discrete vacua of the gauge theory (see Figure 3 for an example). Another feature of the gauge theory, nicely visible in this M theoretical framework, is the presence of confining Z N strings. They correspond to M2-branes with 1 + 1 dimensions extended in space time, and the other spatial dimension extended on a finite segment whose end points lie on the surface Σ p . We call for convenience Y the 6 dimensional manifold
The Riemann surface Σ p can thus be thought as embedded in this 6 dimensional space Σ p ⊂ Y . Finite segments in Y whose end points are forced to be on Σ p , correspond to elements of the relative homology group H 1 (Y /Σ p , Z). From the exact sequence, we know how to express this relative homology group as function of the homology groups of the Y manifold and of the Σ p surface:
H 1 (Y, Z) is equal to Z simply counts the windings around the M theory circle.
is also equal to Z and the unit element consists of a winding around the tube connecting the v plane with the w plane. After the immersion i() into Y , this unit element correspond to N windings around the M theory circle. We thus conclude that
The fate of strings in the presence of a domain wall is again determined by a relative homology group. But now we have to extend the spaces in order to take into account of the x 3 direction along which the wall interpolates between the two vacua. We define the space Y as the 7 dimensional manifold x 3 × Y . The M5-brane extends on a three dimensional subspace S k ∈ Y . S k has the following features. At x 3 → −∞ it approaches the surface Σ p while at x 3 → +∞ the surface Σ p+k . S k is thus a domain wall that interpolates between the p vacuum and the p + k vacuum. Strings in the domain wall background are represented by elements of the relative homology group H 1 ( Y /S k , Z). Again from the exact sequence we can derive the formula
H 1 ( Y , Z) is equal to Z and is still the winding around the M theory circle. The task is now to evaluate H 1 (S k , Z) and embed it into the space Y . We start with the 1-wall already considered in [2] . S 1 has two non-trivial cycles,
The first one is the same of the Riemann surfaces Σ's. Is a circle that winds around the tube connecting the v plane and the w plane. After embedding, it correspond to N times the unit cycle of H 1 ( Y , Z). The other non-trivial cycle is peculiar of the domain wall and is constructed as follows. We divide the cycle into 5 distinct open segments and then we connect them to form a closed circle. The first four pieces make a very large loop in the x 3 , x 6 plane, constant in the M theory circle x 1 0 and not closed in the v plane. The fifth and last piece close the curve and winds once around x 10 . All the following movements are done staying inside the manifold S.
The construction, which can be seen in Figure 4 , goes as follows. We start at x 3 → −∞ in the Σ p vacuum and at x 6 → +∞ in the w plane. We then move toward x 6 → −∞ into the v plane on a line with fixed x 10 coordinate. This is the first movement. The second step is to move toward x 3 + ∞, in the Σ p+1 region, keeping fixed x 6 , v and the x 10 phase. The third stage is to move back into the x 6 → +∞ region keeping x 3 fixed and the phase x 10 constant. In the fourth passage we return to the vacuum Σ p closing the circle in the x 3 , x 6 plane. The coordinate w has been rotated of a phase e i2π N . To close the circle we make the fifth and last movement keeping x 3 and x 6 both fixed and rotating around the w plane. This inevitably makes a winding in the x 10 circle. These five steps connected together form a closed circle, lying entirely in the manifold S 1 , that rotates once in the M theory circle. This is enough to conclude that H 1 ( Y /S 1 , Z) = 1 which imply that every string can be "unwinded" in the domain wall background. The same argument can be repeated for a generic k-wall S k interpolating between the vacua Σ p and Σ p+k . S k has again two non-trivial cycles. The first one is the same of the Riemann surfaces Σ's and rotates N times around the M circle. the second is constructed in the same way as before with the only difference that it rotates k times around x 10 instead of only once (see Figure 4) . The relative homology group in the k-wall background is thus
It thus imply that Z [k,N ] strings are stable in the k-wall background. If perpendicular to the wall, the Z [k,N ] strings can cross it without changing their [k, N] quantum number. If parallel to the wall they shall set in the most energetically favorable x 3 position. For a detailed study we should consider the elements of H 1 ( Y /S k , Z) and minimize their length. This would certainly imply a more detailed understanding of the manifold S k (some results can be found in [6] ). At this moment we pace ourselves with these results, keeping as a reasonable conjecture that the most energetically favorable position is in the middle of the domain wall at x 3 = 0 Another point to discuss is the topology. One may in fact suspect that the topology of the manifold S k could have some other non-trivial cycles that could ruin our homology group computation. We think this is not the case. The reason is the following. If we make a large N limit keeping k N fixed, we expect the domain wall to behave as a soliton of effective Lagrangian like
So its tension should scale like N 2 and, most important, its spatial dependence and size, being determined only by F should be N independent. So for example, if we take a k-wall in a SU(N) gauge theory, it should have the 2 . In MQCD we expect the manifold S k of the SU(N) theory, to have the same spatial properties, and in particular the same topology, of the manifold
The only different is that the former winds [k, N] times more around the M-theory circle. So the topology is always expected to be H 1 (S k , Z) = Z 2 .
Gauge-Gravity Correspondence
Gauge-gravity correspondence relates a certain gauge theory to a string theory in a particular background. We now consider the gauge-gravity realization of N = 1 SYM due to Maldacena-Nunez [7] and Klebanov-Strassler [8] .
The differences between these two realizations are not relevant for what we are going to say. What is important for us is the chiral symmetry breaking at the end of the cascade. We begin with a brief summary of this result, than introduce k-wall in this framework and finally explain the emergence of
The string theory under consideration is Type IIB. Space-time is composed by the 3 + 1 dimensional space time where the gauge theory lives, times a warped dimension corresponding to the energy scale of the gauge theory, times an internal manifold of topology S 2 × S 3 . N units of F RR 3 flux pass through the S 3 sphere. Confining strings are F1-strings and can be annihilated in units of N ending on a baryon vertex. The baryon vertex is a D3-brane wrapped on the S 3 sphere. A Chern-Simon interaction with the F RR 3 form requires N fundamental strings to end on the baryon vertex [9] . A domain wall is a D5-brane wrapping the S 3 sphere. The 1-strings ending on a 1-wall is now an F1-string ending on the D5-brane.
We want now to consider the k-wall that consists of k D5-branes superimposed. The phenomenon we want to see, that is the Z [k,N ] strings bounded inside the domain wall, is a non perturbative effect from the point of view of the domain wall effective action. The way to see it to consider a large number of domain walls (k, N → ∞ while keeping k, N fixed) and consider the 't Hooft limit of this low energy effective action. We should thus consider the black brane description od the k D5-branes and go to the near-horizon geometry. Clearly this is a difficult task, we do not even know the solution of the black 5-brane in this fields background. But our goal requires much less than the full solution of the gauge-gravity dual of the k-wall effective action. We just need to know that the horizon of these k D5-branes is a three dimensional manifold, with topology S 3 , and with k units of F flux requires k strings to end on it. We thus have found two baryon vertices on which strings can annihilate. One is that of the original gauge theory, living in 3 + 1 dimensions, on which N F1-strings can end. The other is the baryon vertex of the k-wall that lives on its 2 + 1 world volume. The last can annihilate k units of F1's. Strings can thus be annihilated in any integral linear combinations of N and k and so the Z [k,N ] stability follows.
The baryon vertex living on the k-wall is a good new actually, it solves an apparent puzzle of our previous analysis. We said in fact that a 1-string can not end on a k-wall (consider [k, N] = k for simplicity here) but a k-string does. But what happens if we take k 1-strings? They should be able to terminate on the k-wall although the single 1-strings are not. What happens is explained by the k-wall baryon vertex (see Figure 5) . From every end point of 1-strings, a string inside the wall departs. These k strings are then annihilated into a k-wall baryon vertex. 
Domain Wall Effective Action
The effective action of the low-energy degrees of freedom of a k-wall has been studied by Acharya-Vafa [10] . In the string theory realization of N = 1 SYM previously considered, the k domain wall consists of k D5-branes wrapped on a S 3 sphere. In space-time we get a 2 + 1 brane with a N = 2 U(k) gauge theory. The U(k) gauge theory descend directly from the gauge degrees of freedom on the branes. Here N = 2 is in 2 + 1 dimensions, that is four real supercharges (like N = 1 in 3 + 1 dimensions). We know that domain walls are half-BPS saturate and so we expect only two real supercharges corresponding to N = 1 in 2+1 dimensions. The breaking of supersymmetry derives from the flux passing through the S 3 sphere. This switch on an N = 1 Chern-Simon interaction at level N. The 2 + 1 effective action, in N = 1 language, consists thus of a gauge U(k) multiplet with a Yang-Mills and a Chern-Simons term coupled to an adjoint superfield. Written explicitly in terms of the physical fields it is
The fermion λ is the supersymmetric partner of the gauge field A µ and acquires mass through the supersymmetric Chern-Simon term. The fermion ψ is the supersymmetric partner of φ. Together A µ , λ, χ and φ are the field content of an N = 2 multiplet in 2 + 1 dimensions 1 . The Chern-Simon term splits their masses leaving only N = 1 residual supersymmetry.
The claims we have made in the previous sections, imply a result on the infrared phase of this 2 + 1 gauge theory. Let us see how the 3 + 1 (bulk)phenomena of strings ending or non-ending on walls must be interpreted from the point of view of the brane theory. A string is a massive probe from the brane standpoint and is electrically charged with respect to the U(k) gauge group.
2 A string ending on the wall trough the pairing of antimonopole and dyon ((A) of Figure 1 ), must be interpreted as a screening of the U(k) gauge fields. This is achieved trough the mechanism of topological mass generation in 2 + 1 [12] . For Z [k,N ] probes, whose strings can not terminate on the wall ((D) of Figure 2) , there is no screening but confinement. This means that the 2 + 1 gauge theory is in an phase in which Z [k,N ] electric probes are confined, as happens in ordinary Yang-Mills, and probes multiple of [k, N] are screened due to the topological mass generation. We have no clue about how this phase could be generated for the theory at hand. For the moment it remains just a conjecture, necessary to have an overall consistent picture.
Exotic phases of this kind can in principle exist and have first been predicted by 't Hooft [19] trough very general arguments. For example they are known to be realized in N = 1 * in 3 + 1 dimensions [20] . A phase with the previous properties is realized when the adjoint field are partitioned into It is N = 2 in three dimensions. At tree level there is a moduli space given by the expectation value of the scalar field. From its holomorphic properties it is possible to compute the non-perturbative generated superpotential [26] . The result is that there is a run-away vacuum and φ goes to infinity. The Chern-Simon term breaks the N = 2 to N = 1 giving a topological mass to the photon and to one real component of the spinor. To higher loops in perturbation theory the Chern-Simon term generates a potential for the scalar field that stabilizes the vacuum [28] . From the fact that the domain wall is BPS [1] it is believed that the theory has a stable supersymmetric vacua at a certain value of φ = 0. This consistent with what is known from the central charge of the bulk theory that determines the tension of the walls.
Consider now the coupling dependence versus N. The coupling scales like
where Λ is the dynamical scale of the original N = 1 theory in four dimensions. There are two ways of perform a large N limit. One is to send N to infinity while keeping k N fixed. This in fact would be the proper large k limit for the effective theory on the domain wall. Another way is to send N to infinity while keeping k fixed. This is the case we shall explore now. It is simpler since the theory on the domain wall maintain fixed the gauge group size and decreases the coupling.
For simplicity we shall thus restrict ourselves to a 2-wall, that is k = 2, and take N large. This is the simplest and most tractable example to consider. The reason is that perturbation theory is an expansion in powers of ∝ Λ and thus where the theory is weakly coupled. From this we can infer the following conclusion. For arbitrarily large N and fixed k, the theory is weakly coupled at all scales. This would probably be the easiest example to start to analyze the problem. 
Objection
The reader has probably already some objections in his mind. It is better to prevent them and face them now.
One objection could be the following. According to the previous statement a 1-string can not terminate to a 2-wall in the case the number of colors N is even (this is the simplest example of [k, N] non-trivial effect). But there could be a peeling of the 2-wall as described in left of Figure 6 . A condensate with the required charge could thus be formed and the string could terminate on the wall. The peeling would require a certain finite amount of energy but this would be gained by the fact that we do not need another string at the opposite side of the wall. It appears that in this way we gain an infinite amount of energy at the price of just a peeling of a small portion of the 2-wall.
This objection, as now we are going to explain, contains two mistakes. First of all the energy difference between a string ending on a wall and a string crossing the wall and proceeding on the other half space is not infinite but finite. The reason lies behind the logarithmical bending that a string produce on a wall where it terminate (see right of Figure 6 ). When a string of tension T S ends on a wall of tension T W it produces a deformation of the profile of the wall. At large distance this deformation is f (r) = T S πT W log r. To evaluate the energy of the wall we perform a surface integra T W 2πrdr 1 + f ′2 . At large distance the derivative goes to zero and we can expand and we obtain two terms. The first correspond to the energy of a flat wall. The second term is
. Performing the integral we get T S f (R), that is exactly the energy of a string on the other side of a flat wall. We thus see from this simple calculation that the energy of the two configurations (A) and (B) of Figure 1 differ only by a finite amount of energy: the boojium. We have thus seen that there is no infinite amount of energy in the game. 4 But there is a more important reason why both left and right of Figure  6 are wrong. This is because when we peel the 2-wall, the bubble of intermediate vacuum must have net zero charge. So the correct picture is left of Figure 7 . This just because we always have to satisfy a charge conservation like (1). We can move apart the two strings (right of Figure 7 ) but there must always be a peeled region connecting the two ending points. This could be another intuitive interpretation of the string that lies inside the wall.
Conclusion
We now conclude summarizing the main results of this short paper. We have argued that in the presence of a k-wall of SU(N) super-Yang-Mills, there are Z [k,N ] topologically stable strings. According to the direction in which we orient the string with respect to the wall we can have different scenarios. If the strings are perpendicular, they cross the domain wall and continue to the other half space. They can change their N-ality only modulo [k, N] . If the strings are parallel to the wall, they will fell an attractive force toward it. Their more energetically favorable position will be inside the wall, as a bound state. From the point of view of the k-wall effective theory these strings are confining strings. We thus have a conjecture regarding the phase of the Acharya-Vafa U(k) theory: confining phase modulo [k, N] and topological massive phase for probe charges multiple of [k, N] .
Since the domain wall are strong coupling phenomena, and the string inside the wall is a strong coupling effect of the wall effective action, we could say that we have a strong coupling effect inside a strong coupling effect! Very interesting, but also very difficult to prove.
We have used three arguments to support our claim: one heuristic, one from MQCD and another from the gauge-gravity correspondence. The overall understanding still remains at a conjectural level. To proceed further we shall certainly need more solid verifications.
One possibility would be to deform the theory, N = 1 SYM, in order to have a semiclassical control of strings and wall. Unfortunately none of the commonly used deformations satisfy this criterium. One deformation used very often is that in which N = 2 broken to N = 1 by a small mass term for the adjoint field. In this framework, trough the Seiberg-Witten solution, we can have a perturbative control of the confining strings [27] , that are magnetic vortices of the low energy effective action. But we do not have control over the domain wall that involves reciprocally non-local fields. Another deformation used very often [11] is that of introducing quarks multiplets (SQCD) and stabilize the runaway potential with a quark mass. When the mass is very small the theory has N vacua in a weakly coupled phase. Here we have perturbative control of the domain walls but not of the confining string.
Another way to proceed could be to analyse the low energy effective theory living on the domain walls. This action is known, but not much is known about its non-perturbative behaviour. A direct analysis of this problem would probably be the best way to proceed in order to verify the existence of these bounded strings.
